
Fractional Calculus and Applied Analysis
https://doi.org/10.1007/s13540-022-00074-8

ORIG INAL PAPER

Multi-term fractional oscillation integro-differential
equations

Tran Dinh Phung1 · Dinh Thanh Duc2 · Vu Kim Tuan3

Received: 22 March 2022 / Revised: 7 July 2022 / Accepted: 14 July 2022
© Diogenes Co. Ltd 2022

Abstract
In this paper we study solvability of multi-term Caputo and Riemann-Liouville frac-
tional oscillation integro-differential equations. We show that these equations have
unique solutions in the space of functions with square average power growth and
derive the solutions in explicit forms.
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transform · Caputo fractional derivative · Riemann-Liouville fractional derivative ·
Fractional oscillation integro-differential equation
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1 Introduction

Recently fractional integro-differential equations have arisen in many engineering and
scientific disciplines as the mathematical modeling of systems and processes in the
fields of physics, chemistry, aerodynamics, electro-dynamics of complex medium,
polymer rheology. The fractional integro-differential equations also serve as an excel-
lent tool for the description of hereditary properties of variousmaterials and processes.
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Examples include viscoelastic behavior [13], chaotic neuron model [22], long-time
memory in financial time series via fractional Langevin equations [24], transport of
passive tracers carried by fluid flow in a porous medium in groundwater hydrology
[27], etc. Further examples can be found, for example, in [12, 19].

Consider now the following multi-term Caputo and Riemann-Liouville fractional
integro-differential initial value problems

C∂
α0
t f (t)+

n∑

j=1

a j
C∂

α j
t f (t) + k f (t) +

∫ t

0
g(t − τ) f (τ )dτ = h(t),

f (i)(0+) = fi , i = 0, 1, ...,m − 1,

(1.1)

Dα0
0+ f (t)+

n∑

j=1

a j D
α j
0+ f (t) + k f (t) +

∫ t

0
g(t − τ) f (τ )dτ = h(t),

Im−i−α0
0+ f (0+) = fi , i = 0, 1, ...,m − 1,

(1.2)

0 < αn < · · · < α1 < α0, α0 ∈ (m − 1,m],m ∈ N,m ≥ 1,

where k, a1, a2, · · · , an ∈ R+, g, h ∈ L1(R+) are given, and f is the unknown.
Here Dα

0+ is the Riemann-Liouville fractional derivative [10]

Dα
0+ f (t) = dm

dtm
Im−α
0+ f (t), 0 ≤ α < m ∈ N

Im−α
0+ f (t) =

∫ t

0

(t − τ)m−α−1

Γ (m − α)
f (τ ) dτ,

(1.3)

and C∂α
t is the Caputo fractional derivative [10]

C∂α
t f (t) =

∫ t

0

(t − τ)m−α−1

Γ (m − α)
f (m)(τ ) dτ, m − 1 < α < m ∈ N,

C∂mt f (t) = f (m)(t),

(1.4)

and f (0+) = lim
0<t→0

f (t).

Multi-term fractional integro-differential equations (1.1) and (1.2) play an important
role in modeling of motion of a rigid plate immersed in a Newtonian fluid. One of
the important special cases of (1.1), Bagley-Torvik equation with fractional-order
derivative illustrates the motion of real physical systems in a Newtonian fluid [28].
A special case of (1.2), Kelvin-Voigt model is of the most frequent use in structural
dynamics [26]. Some special cases of equations (1.1) and (1.2) and their numerical
solutions on a finite interval (0, T ) have been considered in [4–6]. One can find some
recent works on multi-term fractional integro-differential equations in [2, 3, 7, 11, 16,
17].

123
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In [31], Eqs. (1.1) and (1.2) have been studied for the first time on the whole infinite
interval (0,∞). Namely, following [31], by BSAp(R+), p ≥ 0,we denote the space
of Lebesgue measurable functions f on R+ with square average power growth

f ∈ BSAp(R+) ⇐⇒ sup
T>0

1

(T + 1)p

∫ T

0
| f (t)|2 dt < ∞. (1.5)

It was shown in [31] that if 1
2 < α0 ≤ 1, and ‖g‖1 < k, then the multi-

term Caputo fractional integro-differential equation (1.1) has a unique solution f
from BSA2(α0−αn)+1(R+), and the multi-term Riemann-Liouville fractional integro-
differential equation (1.2) has a unique solution f from BSA2α0−1(R+).

In [30, 31] we have considered only fractional equations (1.1) and (1.2) of order
α0 ≤ 1, i.e., fractional relaxation processes [21]. In this paper we will study fractional
equations (1.1) and (1.2) of order 1 < α0 ≤ 2, i.e., fractional oscillation processes [8,
21] in BSAp(R+).

2 Fractional Oscillation Processes

It was shown [31] that f ∈ BSAp(R+) if, and only if, F(s), its Laplace transform,
defined by

F(s) = (L f )(s) :=
∫ ∞

0
e−st f (t) dt, (2.1)

is holomorphic in the right-half plane Re s > 0, and

sup
x>0

(
x

x + 1

)p ∫ ∞

−∞
|F(x + iy)|2 dy < ∞. (2.2)

Denote by L−1 the inverse Laplace transform [32]

f (t) = (L−1F)(t) := 1

2π i

∫

Re s=d
F(s) est ds. (2.3)

It was proved in [31] that

Corollary 1 Let F(s) be holomorphic in the right half plane Re s > 0 and |F(s)| ≤
C |s|−α , α > 1

2 . Then F is the Laplace transform of a function f ∈ BSA2α−1(R+),

and that

Lemma 1 Let f ∈ BSAp(R+) and g ∈ L1(R+). Then their Laplace convolution

h(t) = ( f ∗ g)(t) :=
∫ t

0
f (t − τ) g(τ ) dτ (2.4)

belongs to BSAp(R+).
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We start by showing that

Lemma 2 Let 1 < α < 2 and k > 0. Then

|sα + k| >
sin απ

2

1 + sin απ
2

|s|α, (2.5)

when Re s > 0.

Proof If Re s > 0, then sα + k is inside the angle −απ
2 < arg(z) < απ

2 , shifted to the
right by k units. The distance from the origin to the shifted angle is k sin απ

2 . Then

|sα + k| > k sin
απ

2
≥ sin απ

2

1 + sin απ
2

|s|α, Re s > 0,

when |s|α ≤ k(1 + sin απ
2 ). If |s|α > k(1 + sin απ

2 ), then

|sα + k| ≥ |s|α − k > |s|α − |s|α
1 + sin απ

2

= sin απ
2

1 + sin απ
2

|s|α,

that is again (2.5). The lemma is proved. ��
Combining [31, Corollary 3.2], Corollary 1, and Lemma 2, we arrive at

Corollary 2 Let k > 0, 0 < α < 2, β < α − 1
2 , then

L−1
(

sβ

sα + k

)
∈ BSA2(α−β)−1(R+). (2.6)

Theorem 1 Let 1 < α < 2, k > 0, and h, h′ ∈ L1(R+) with h(0+) = 0. Then the
following Caputo fractional oscillation process

C∂α
t f (t) + k f (t) = h(t), f (0+) = f0, f ′(0+) = f1, (2.7)

has a unique solution f from BSA2α+1(R+).

Proof The solution to the initial value problem (2.7) iswell-known (see [18]).Applying
the Laplace transform to (2.7) we get

F(s) = sα−1 f0 + sα−2 f1 + H(s)

sα + k
. (2.8)

Denote

U0(s) = sα−1

sα + k
, U1(s) = sα−2

sα + k
, U2(s) = 1

sα + k
, (2.9)
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and u0(t), u1(t), u2(t) - their inverse Laplace transforms. The solution of the initial
value problem (2.7) can be written in the form

f (t) = f0u0(t) + f1u1(t) + (u2 ∗ h)(t). (2.10)

By Corollary 2 we get

u0(t) ∈ BSA1(R+), u1(t) ∈ BSA3(R+), u2(t) ∈ BSA2α−1(R+).

Since h, h′ ∈ L1(R+) and h(0+) = 0, then

|sH(s)| = |sH(s) − h(0+)| = ∣∣(Lh′)(s)
∣∣

≤
∫ ∞

0
e−(Re s) t |h′(t)|dt ≤ ‖h′‖1, Re s > 0.

Consequently,

∣∣∣
H(s)

sα + k

∣∣∣ <
(1 + sin απ

2 )‖h′‖1
sin απ

2

|s|−α−1.

By Corolllary 2 we get (u2 ∗h)(t) ∈ BSA2α+1(R+). Since 2α+1 > 3 > 2α−1 > 1,
from (2.10) and [31]

BSAp(R+) ⊂ BSAq(R+), 0 ≤ p < q, (2.11)

we obtain f (t) ∈ BSA2α+1(R+).

We verify now that f (t), defined by (2.10), satisfies the initial conditions in (2.7).
From (2.8) we have F(s) ∼ f0

s as Re s → ∞. Therefore, by the Tauberian theorem
for the Laplace transform [32]

f (t) ∼ At p−1

Γ (p)
, t → 0+ ⇔ F(s) ∼ A

s p
, Re s → ∞, p > 0, (2.12)

we get f (t) → f0 as t → 0 + . Next, as Re s → ∞

(L f ′)(s) = sF(s) − f (0) = sα f0 + sα−1 f1 + sH(s)

sα + k
− f0

= sα−1 f1 + sH(s) − k f0
sα + k

∼ f1
s

,

again by the Tauberian theorem (2.12) we obtain f ′(t) → f1 as t → 0 + . ��
Theorem 2 Let 3

2 < α < 2, k > 0, and h ∈ L1(R+). Then the following Riemann-
Liouville fractional oscillation process

Dα
0+ f (t) + k f (t) = h(t), I 2−α f (0+) = f0, Dα−1 f (0+) = f1, (2.13)
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has a unique solution f from BSA2α−1(R+).

Proof The solution to the initial value problem (2.13) is well-known (see [18]). Apply-
ing the Laplace transform to (2.13) we get

F(s) = s f0 + f1 + H(s)

sα + k
. (2.14)

Denote

U3(s) = s

sα + k
, (2.15)

and u3(t) - its inverse Laplace transform. We can write the solution of the initial value
problem (2.7) in the form

f (t) = f0u3(t) + f1u2(t) + (u2 ∗ h)(t), (2.16)

where u2(t) is defined in (2.9).
By Lemma 1, and Corollary 2 we get

u2(t) ∈ BSA2α−1(R+), u3(t) ∈ BSA2α−3(R+), (u2 ∗ h)(t) ∈ BSA2α−1(R+).

Thus, from (2.11) we get f (t) ∈ BSA2α−1(R+).
We verify now that f (t), defined by (2.16), satisfies the initial conditions in (2.13).

As h ∈ L1(R+), then H(s) → 0 as Re s → ∞. Consequently, formula (2.14) yields

F(s) ∼ f0
sα−1 , Re s → ∞,

and by the Tauberian theorem (2.12)

f (t) ∼ f0tα−2

Γ (α − 1)
, t → 0 + .

We have

I 2−α
0+ f (t) ∼

f0
(
I 2−α
0+ tα−2

)

Γ (α − 1)
= f0, t → 0 + .

Next,

(LDα−1
0+ f )(s) = sα−1F(s) − I 2−α

0+ f (0+) = sα f0 + sα−1 f1 + sα−1H(s)

sα + k
− f0

= sα−1 f1 + sα−1H(s) − k f0
sα + k

∼ f1
s

, Re s → ∞.
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Consequently, again by the Tauberian theorem (2.12)

Dα−1
0+ f (t) ∼ f1, t → 0 + .

��
Remark 1 In Theorem 2, if f0 = 0, then we can expand the order of fractional deriva-
tive α from 3

2 < α < 2 to 1 < α < 2, and the oscillation process (2.13) has a unique
solution f from BSA2α−1(R+).

3 Multi-term Riemann-Liouville Fractional Oscillation Equations

In this section, we are concerned with the existence and uniqueness of solutions in
BSAp(R+) to some classes of integro-differential equations with fractional order
1 < α ≤ 2. We start with the following auxiliary lemma

Lemma 3 Let a, b > 0 and

f (x) = 1

abx + 1
, g(x) =

(
1

ab
1
x + 1

)x

, h(x) =
(

1

a(b
1
x + bx ) + 1

)x

.

Then

h(x) < f (x), h(x) < g(x) (3.1)

for every x > 1.

Proof We have

h(x) =
(

1

a(b
1
x + bx ) + 1

)x

=
(

1

(ab
1
x + 1) + abx

)x

< g(x)

and

h(x) =
(

1

a(b
1
x + bx ) + 1

)x

=
(

1

(abx + 1) + ab
1
x

)x

<

(
1

abx + 1

)x

< f (x).

��
The following theorem plays a key role in the subsequent sections of this work.
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Theorem 3 Let k > 0, 1 < α0 ≤ 2, and g ∈ L1(R+), such that ‖g‖1 < γ (α0, k)
with

γ (α0, k) =

⎧
⎪⎪⎪⎨

⎪⎪⎪⎩

|tan(α0 π
2 )|

1+|tan(α0 π
2 )|k , 1 < α0 < 2

k
⎧
⎨

⎩
1+na0

k

⎡

⎣
(

k
a0 sin(α1

π
2 )

) αn
2 +

(
k

a0 sin(α1
π
2 )

) 2
αn

⎤

⎦+1

⎫
⎬

⎭

2
αn

, α0 = 2, (3.2)

a1, · · · , an > 0, a0 = max{a1, ..., an}, a0 = min{a1, ..., an}, and 0 < αn < · · · <

α1 < α0, then the inverse Laplace transform

f := L−1

(
1

sα0 + ∑n
j=1 a j sα j + k + G(s)

)
(3.3)

is from BSA2α0−1(R+).

Proof Since g ∈ L1(R+), its Laplace transform G(s) is holomorphic in the right
half-plane, and therefore, sα0 + ∑n

j=1 a j sα j + k + G(s) is holomorphic in the right
half-plane. We claim that the equation

sα0 +
n∑

j=1

a j s
α j + k + G(s) = 0 (3.4)

has no solution in the domain Re s > 0. Assume the contrary that the Eq. (3.4) has a
solution s = r(cosϕ + i sin ϕ), |ϕ| < π

2 , then we would have

{
rα0 cos(α0ϕ) + ∑n

j=1 a jrα j cos(α jϕ) + k + ReG(s) = 0,

rα0 sin(α0ϕ) + ∑n
j=1 a jrα j sin(α jϕ) + ImG(s) = 0.

(3.5)

From

k + ReG(s) ≥ k − |G(s)| ≥ k − ‖g‖1 ≥ k − γ (α0, k) > 0

and (3.5) we arrive at

rα0 cos(α0ϕ) +
n∑

j=1

a jr
α j cos(α jϕ) = −(k + ReG(s)) ≤ γ (α0, k) − k < 0,

and thus one of the terms cos(α jϕ), j = 0, · · · , n, must be negative. Since π >

α0ϕ ≥ · · · ≥ αnϕ ≥ 0 for 0 ≤ ϕ < π
2 , then cos(α0ϕ) ≤ · · · ≤ cos(αnϕ) for

0 ≤ ϕ < π
2 . Consequently, there exists 0 ≤ m ≤ n such that

cos
(π

2
α0

)
≤ cos(α0ϕ) ≤ · · · ≤ cos(αmϕ) ≤ 0 ≤ cos(αm+1ϕ) ≤ · · · ≤ cos(αnϕ),

123
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for 0 ≤ ϕ < π
2 , and

⎛

⎝rα0 +
m∑

j=1

a jr
α j

⎞

⎠ cos
(π

2
α0

)
≤ rα0 cos(α0ϕ) +

m∑

j=1

a jr
α j cos(α jϕ)

≤ −
n∑

j=m+1

a jr
α j cos(α jϕ) + γ (α0, k) − k ≤ γ (α0, k) − k.

We arrive at

rα0 +
m∑

j=1

a jr
α j >

k − γ (α0, k)∣∣cos
(

π
2 α0

)∣∣ . (3.6)

For 0 ≤ ϕ < π
2 it is clear that sin(αmϕ) > · · · > sin(α1ϕ) > sin

(
α1

π
2

)
>

sin
(
α0

π
2

) ≥ 0, and sin(α jϕ) ≥ 0, j = m + 1, · · · , n. From (3.5) we have

γ (α0, k) > |G(s)| ≥ − ImG(s)

= rα0 sin(α0ϕ) +
m∑

j=1

a jr
α j sin(α jϕ) +

n∑

j=m+1

a jr
α j sin(α jϕ)

≥ rα0 sin(α0ϕ) +
m∑

j=1

a jr
α j sin(α jϕ).

(3.7)

We distinguish the following two cases:
Case α0 < 2: From (3.5) and (3.7) we have

γ (α0, k) > (rα0 +
m∑

j=1

a jr
α j ) sin

(
α0

π

2

)
>

(k − γ (α0, k))
∣∣sin

(
α0

π
2

)∣∣
∣∣cos

(
π
2 α0

)∣∣ .

As such, we get

γ (α0, k) > (k − γ (α0, k))
∣∣∣tan

(
α0

π

2

)∣∣∣ ,

or,

γ (α0, k) >

∣∣tan
(
α0

π
2

)∣∣

1 + ∣∣tan
(
α0

π
2

)∣∣k,

that contradicts the definition of γ (α0, k). Thus, (3.4) has no solution in the first quarter.
By the complex conjugate theorem, (3.4) has no solution in the fourth quarter.
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Case α0 = 2: From (3.5) and (3.7) we have

{
r2 + ∑m

j=1 a jrα j > k − γ (2, k)

γ (2, k) > sin
(
α1

π
2

)∑m
j=1 a jrα j .

(3.8)

Now we consider two subcases:

1. r ≥ 1. From (3.8) and r2 ≥ rα1 ≥ · · · ≥ rαn we have

{
r2(1 + na0) > k − γ (2, k)

γ (2, k) > a0 sin
(
α1

π
2

)
rαn

then, because γ (2, k) < k,

γ (2, k) k
2

αn
−1

> (γ (2, k))
2

αn >
(
a0 sin

(
α1

π

2

)) 2
αn r2

>
(
a0 sin

(
α1

π

2

)) 2
αn k − γ (2, k)

(1 + na0)
.

As such, we get

γ (2, k) >

(
a0 sin

(
α1

π
2

)) 2
αn k

(1 + na0)k
2

αn
−1 + (

a0 sin
(
α1

π
2

)) 2
αn

= k

1+na0
k

(
k

a0 sin(α1 π
2 )

) 2
αn + 1

.

By Lemma 3 we get

γ (2, k) >
k

{
1+na0

k

[(
k

a0 sin(α1 π
2 )

) αn
2 +

(
k

a0 sin(α1 π
2 )

) 2
αn

]
+ 1

} 2
αn

that contradicts the definition of γ (2, k).
2. 0 < r < 1. From (3.8) and r2 < rα1 < · · · < rαn , we get

{
rαn (1 + na0) > k − γ (2, k)

γ (2, k) > a0 sin
(
α1

π
2

)
r2,

123
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and because γ (2, k) < (γ (2, k))αn/2 k1−αn/2, then

(γ (2, k))
αn
2 >

(
a0 sin

(
α1

π

2

)) αn
2
rαn >

(
a0 sin

(
α1

π

2

)) αn
2 k − γ (2, k)

(1 + na0)

>
(
a0 sin

(
α1

π

2

)) αn
2 k − (γ (2, k))

αn
2 k1−αn/2

(1 + na0)
.

As such, we get

(γ (2, k))
αn
2 >

(
a0 sin

(
α1

π
2

)) αn
2 k

αn
2

(1 + na0)k
αn
2 −1 + (

a0 sin
(
α1

π
2

)) αn
2

,

that is

γ (2, k) >

⎛

⎝
(
a0 sin

(
α1

π
2

)) αn
2 k

αn
2

(1 + na0)k
αn
2 −1 + (

a0 sin
(
α1

π
2

)) αn
2

⎞

⎠

2
αn

= k
[
1+na0

k

(
k

a0 sin(α1 π
2 )

) αn
2 + 1

] 2
αn

.

By Lemma 3 we get

γ (2, k) >
k

{
1+na0

k

[(
k

a0 sin(α1 π
2 )

) αn
2 +

(
k

a0 sin(α1 π
2 )

) 2
αn

]
+ 1

} 2
αn

that contradicts the definition of γ (2, k).

Thus, (3.4) has no solution in the first quarter. By the complex conjugate theorem,
(3.4) has no solution in the fourth quarter.

Consequently, (3.4) has no solution in the right half plane, and

1

sα0 + ∑n
j=1 a j sα j + k + G(s)

is holomorphic in the domain Re s > 0.
Next, we will show that there exists C > 0 such that

∣∣∣∣∣∣
sα0 +

n∑

j=1

a j s
α j + k + G(s)

∣∣∣∣∣∣
> C |s|α0 , Re s > 0, 1 < α0 ≤ 2. (3.9)
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Indeed, we consider the following function

φ(s) :=
∣∣∣sα0 + ∑n

j=1 a j sα j + k + G(s)
∣∣∣

|s|α0 , Re s > 0.

Due to |G(s)| < γ (α0, k), we have

lim|s|→∞ φ(s) = 1, Re s > 0.

Therefore, there exist N ,C1 > 0, such that if |s| > N , Re s > 0, then φ(s) > C1.

On the other hand, we have

lim|s|→0
φ(s) = ∞, Re s > 0.

Consequently, there exist δ,C2 > 0, such that if |s| < δ, Re s > 0, then φ(s) > C2.

Since φ(s) is continuous in the domain {s |Re s ≥ 0, s �= 0}, it is bounded over the
compact set B = {s : |s| ∈ [δ, N ],Re s ≥ 0}, so we obtain

min
s∈B φ(s) = C3 > 0.

Denote C = min{C1,C2,C3}, then C > 0 and

φ(s) > C > 0, Re s > 0.

Consequently, (3.9) holds, and by Corollary 1 we obtain f ∈ BSA2α0−1(R+), and
Theorem 3 is proved. ��

Combining Corollary 1 and Theorem 3 we arrive at

Corollary 3 Let conditions of Theorem 3 hold, and β < α0 − 1
2 , then

L−1

(
sβ

sα0 + ∑n
j=1 a j sα j + k + G(s)

)
∈ BSA2(α0−β)−1(R+). (3.10)

As an example consider the Prabhakar (three-parametric Mittag-Leffler) function
[9]

Eγ
α,β(z) =

∞∑

j=0

(γ ) j

j !Γ (α j + β)
z j , Re α > 0,Re β > 0, γ > 0,

where (γ ) j = γ (γ + 1) · · · (γ + j − 1).
The Laplace transform of the Prabhakar function has the following form [9]

L(tβ−1Eγ
α,β(λtα))(s) = sαγ−β

(sα − λ)γ
,
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which is valid for all Re α > 0,Re β > 0, γ > 0, λ ∈ C, such that |λs−α| < 1.
Consequently, by Corollary 3, if k, α > 0, and β > 1

2 , then tβ−1Eγ
α,β(−ktα) ∈

BSA2β−1(R+).

Consider now the multi-term Riemann-Liouville fractional integro-differential
equation

Dα0
0+ f (t) +

n∑

j=1

a j D
α j
0+ f (t) + k f (t) +

∫ t

0
g(t − τ) f (τ )dτ = h(t)

I 2−α0
0+ f (0+) = f0, Dα0−1

0+ f (0+) = f1,

(3.11)

0 < αn < · · · < α1 ≤ α0 − 1 ≤ 1, α0 >
3

2
,

where k, a1, a2, · · · , an ∈ R+, g, h ∈ L1(R+) are given, and f is the unknown.
Special cases of (3.11) have been considered in [10].

Now, fromCorollary 3,we derive conditions to ensure the existence and uniqueness
of solutions in BSAp(R+) for the problem (3.11).

Theorem 4 Let f0, f1 ∈ R, g, h ∈ L1(R+), be given, and ‖g‖1 < γ (α0, k) with
γ (α0, k) being defined by (3.2). Then the multi-term Riemann-Liouville fractional
integro-differential equation (3.11) has a unique solution f from BSA2α0−1(R+).

Proof Since I 2−α0
0+ f (0+) = f0, and 2−α0 ≤ 1−α1, 2−α0 < 1−α j , j = 2, · · · , n,

then I
1−α j
0+ f (0+) = 0, j = 2, ..., n, and I 1−α1

0+ f (0+) = 0, if α1 < α0 − 1, and

I 1−α1
0+ f (0+) = f0, if α1 = α0 − 1.
Consequently, applying the Laplace transform to Eq. (3.11) and taking into account

[10]

L (
Dα
0+ f

)
(s) = sαF(s) −

m−1∑

k=0

sm−k−1Dα+k−m
0+ f (0+), m − 1 < α ≤ m,

(3.12)

we obtain

H(s) =
(
sα0F(s) − s I 2−α0

0+ f (0+) − Dα0−1
0+ f (0+)

)

+
n∑

j=1

a j

(
sα j F(s) − I

1−α j
0+ f (0+)

)
+ k F(s) + G(s) F(s)

= sα0F(s) − s f0 − f1 +
n∑

j=1

a j s
α j F(s) − a1 f0μ + kF(s) + G(s)F(s)

(3.13)
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where

μ =
{
1, if α0 − α1 = 1
0, if α0 − α1 > 1

.

Solving for F(s) yields

F(s) = s f0 + f1 + a1 f0μ + H(s)

sα0 + ∑n
j=1 a j sα j + k + G(s)

.

(3.14)

Denote

W (s) = 1

sα0 + ∑n
j=1 a j sα j + k + G(s)

,

W1(s) = s

sα0 + ∑n
j=1 a j sα j + k + G(s)

(3.15)

then according to Corollary 3, their inverse Laplace transforms, namely w(t) and
w1(t), belong to BSA2α0−1(R+) and BSA2α0−3(R+) ⊂ BSA2α0−1(R+), and

f (t) = ( f1 + a1 f0μ)w(t) + f0 w1(t) +
∫ t

0
w(t − τ)h(τ ) dτ.

(3.16)

Since w ∈ BSA2α0−1(R+) and h ∈ L1(R+), by Lemma 1, their Laplace convolution
w∗h belongs to BSA2α0−1(R+). Hence, f , defined by (3.16), is from BSA2α0−1(R+).
As G(s), H(s) → 0 as Re s → ∞, using the Tauberian theorem for the Laplace
transform (2.12) we have

F(s) ∼ f0
sα0−1 , Re s → ∞ �⇒ f (t) ∼ tα0−2

Γ (α0 − 1)
, t → 0 + . (3.17)

Consequently, I 2−α0
0+ f (0+) = f0. Next,

(LDα0−1
0+ f )(s) = sα0−1F(s) − I 2−α0

0+ f (0+)

= sα0 f0 + sα0−1( f1 + a1 f0μ) + sα0−1H(s)

sα0 + ∑n
j=1 a j sα j + k + G(s)

− f0

=
sα0−1( f1 + a1 f0μ) + sα0−1H(s) − f0

(∑n
j=1 a j sα j + k + G(s)

)

sα0 + ∑n
j=1 a j sα j + k + G(s)

∼ f1
s

as Re s → ∞. Consequently, again by the Tauberian theorem (2.12)

Dα0−1
0+ f (t) ∼ f1, t → 0 + .
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Conversely, let f begivenby (3.16),wherew andw1 are defined as theLaplace inverses
of (3.15). Then f ∈ BSA2α0−1(R+), and I 2−α0

0+ f (0+) = f0, Dα0−1
0+ f (0+) = f1.

Applying the Laplace transform to (3.16) and taking into account (3.15) we arrive at
(3.14). Hence, (3.13) holds. The Laplace inverse of (3.13) yields (3.11). ��

Remark 2 In Theorem 4, if f0 = 0, then we can extend the range of α0 from ( 32 , 2] to
(1, 2], and the Eq. (3.11) has a unique solution f from BSA2α0−1(R+).

4 Multi-Term Caputo Fractional Oscillation Equation

Consider the Caputo fractional integro-differential equation

C∂
α0
t f (t) +

n∑

j=1

a j
C∂

α j
t f (t) + k f (t) +

∫ t

0
g(t − τ) f (τ )dτ = h(t),

f (0+) = f0, f ′(0+) = f1,

(4.1)

0 < αn < · · · < αl+1 < 1 < αl < · · · < α1 < α0 ≤ 2,

where a j , k ∈ R+, j = 1, 2, · · · , n, and g, h ∈ L1(R+) are given, and f is the
unknown.

In the following theorem, we derive conditions to ensure the existence and unique-
ness of solutions in BSAp(R+) for the initial-value problem (4.1). Our result is based
on Corollary 3.

Theorem 5 Let f0, f1 ∈ R, g, h ∈ L1(R+), be given, and ‖g‖1 < γ (α0, k) with
γ (α0, k) being defined by (3.2). Then the Caputo fractional integro-differential equa-
tion (4.1) has a unique solution f from BSA2(α0−αn)+3(R+).

Proof Applying the Laplace transform to Eq. (4.1) and taking into account [10] that

L
(C∂α

t f
)

(s) = sαF(s) −
m−1∑

k=0

sα−k−1 f (k)(0+), m − 1 < α ≤ m. (4.2)

(4.2) we obtain

(sα0F(s) − sα0−1 f0 − sα0−2 f1) +
l∑

j=1

a j (s
α j F(s) − sα j−1 f0 − sα j−2 f1)

+
n∑

j=l+1

a j (s
α j F(s) − sα j−1 f0) + kF(s) + G(s)F(s) = H(s). (4.3)
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Solving for F(s) yields

F(s) = sα0−1 f0 + sα0−2 f1 + f0
∑n

j=1 a j sα j−1 + f1
∑l

j=1 a j sα j−2 + H(s)

sα0 + ∑n
j=1 a j sα j + k + G(s)

.

(4.4)

Denote

Q j (s) = sα j−1

sα0 + ∑n
j=1 a j sα j + k + G(s)

, j = 0, 1, · · · , n,

R j (s) = sα j−2

sα0 + ∑n
j=1 a j sα j + k + G(s)

, j = 0, 1, · · · , l, (4.5)

and W (s) by (3.15), then according to Corollary 3, their inverse Laplace transforms,
namely q j , r j , and w, belong to BSA2(α0−α j )+1(R+)

⊂ BSA2(α0−αn)+3(R+), BSA2(α0−α j )+3(R+) ⊂ BSA2(α0−αn)+3(R+), and
BSA2α0−1(R+), respectively. Moreover,

f (t) = f0 q0(t) + f1r0(t) + f0

n∑

j=1

a jq j (t) + f1

l∑

j=1

a jr j (t) +
∫ t

0
w(t − τ)h(τ ) dτ.

(4.6)

Since w ∈ BSA2α0−1(R+) and h ∈ L1(R+), by Lemma 1, their Laplace convolution
w ∗h belongs to BSA2α0−1(R+) ⊂ BSA2(α0−αn)+3(R+). Hence, f , defined by (4.6),
is from BSA2(α0−αn)+3(R+). Using the Tauberian theorem for the Laplace transform
(2.12) we have

F(s) ∼ f0
s

, Re s → ∞ �⇒ f (t) ∼ f0, t → 0 + .

Consequently, f (0+) = f0.
Next, as Re s → ∞,

(L f ′)(s) = sF(s) − f (0)

= sα0 f0 + sα0−1 f1 + f0
∑n

j=1 a j sα j + f1
∑l

j=1 a j sα j−1 + sH(s)

sα0 + ∑n
j=1 a j sα j + k + G(s)

− f0

= sα0−1 f1 + f1
∑l

j=1 a j sα j−1 + sH(s) − f0 k − f0 G(s)

sα0 + ∑n
j=1 a j sα j + k + G(s)

∼ f1
s

, Re s → ∞ �⇒ f ′(t) ∼ f1, t → 0 + .

Conversely, let f be given by (4.6), where q j , r j , and w are defined as the Laplace
inverse transforms of (4.5) and (3.15). Then f ∈ BSA2(α0−αn)+3(R+) and f (0+) =
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f0, f ′(0+) = f1. Applying the Laplace transform to (4.6) and taking into account
(4.5) and (3.15) we arrive at (4.4). Hence, (4.3) holds. The Laplace inverse transform
of (4.3) yields (4.1). ��

Remark 3 Although g, h ∈ L1(R+), in general f /∈ L1(R+). In fact, if f ∈ L1(R+),

then |F(s)| ≤ ‖ f ‖1 for Re s ≥ 0. But if f0 �= 0, then from 4.4 we would have

F(s) ∼ Csαn−2 → ∞,

as s → 0 + . Consequently, f /∈ L1(R+).

5 Mixed Caputo Riemann-Liouville Fractional Oscillation Equation

Now we consider the following mixed Caputo Riemann- Liouville fractional integro-
differential equation with a dominant Caputo fractional derivative

C∂
α0
t f (t) +

n∑

j=1

a j
C∂

α j
t f (t) +

m∑

j=1

b j D
β j
0+ f (t) + k f (t)

+
∫ t

0
g(t − τ) f (τ )dτ = h(t),

f (0+) = f0, f ′(0+) = f1,

(5.1)

0 < αn < · · · < αl+1 < 1 < αl < · · · < α1 < α0 ≤ 2,

0 < βm < · · · < β1 < 1,

where g, h ∈ L1(R+), a1, · · · , an, b1, · · · , bm, k ∈ R+, are given, and f is the
unknown.

In the literature, there are many papers investigating existence and uniqueness
results for fractional differential equations which contain mixed Riemann-Liouville
and Caputo fractional derivatives, see [14, 15, 25]. But we do not find anywork dealing
with the fractional differential equation in the form (5.1). Motivated by this fact, and
to fill this gap, in this work we investigate the existence and uniqueness of solutions
in BSAp(R+) for the problem (5.1).

The following theorem state the existence and uniqueness result concerning solu-
tions in BSAp(R+) of the problem (5.1).

Theorem 6 Let f0, f1 ∈ R, g, h ∈ L1(R+), be given, and ‖g‖1 < γ (α0, k) with
γ (α0, k) being defined by (3.2). Then the mixed Caputo Riemann-Liouville fractional
integro-differential equation (5.1) has a unique solution f from
BSA2(α0−αn)+3(R+).
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Proof Since f (0+) = f0 then I
1−β j
0+ f (0+) = 0, j = 1, · · · ,m. Applying the

Laplace transform to Eq. (5.1) and taking into account (4.2) and (3.12) we obtain

H(s) = (sα0F(s) − sα0−1 f (0+) − sα0−2 f ′(0+))

+
l∑

j=1

a j (s
α j F(s) − sα j−1 f (0+) − sα j−2 f ′(0+))

+
n∑

j=l+1

a j (s
α j F(s) − sα j−1 f (0+)) +

m∑

j=1

b j

(
sβ j F(s) − I

1−β j
0+ f (0+)

)

+kF(s) + G(s)F(s)

= (sα0F(s) − sα0−1 f0 − sα0−2 f1) +
l∑

j=1

a j (s
α j F(s) − sα j−1 f0 − sα j−2 f1)

+
n∑

j=l+1

a j (s
α j F(s) − sα j−1 f0)

+
m∑

j=1

b j s
β j F(s) + kF(s) + G(s)F(s). (5.2)

Solving for F(s) yields

F(s) = f0sα0−1 + f1sα0−2 + f0
∑n

j=1 a j sα j−1 + f1
∑l

j=1 a j sα j−2 + H(s)

sα0 + ∑n
j=1 a j sα j + ∑m

j=1 b j sβ j + k + G(s)
.

(5.3)

Denote

X j (s) = sα j−1

sα0 + ∑n
j=1 a j sα j + ∑m

j=1 b j sβ j + k + G(s)
, j = 0, 1, · · · , n,

Y j (s) = sα j−2

sα0 + ∑n
j=1 a j sα j + ∑m

j=1 b j sβ j + k + G(s)
, j = 0, 1, · · · , l,

Z(s) = 1

sα0 + ∑n
j=1 a j sα j + ∑m

j=1 b j sβ j + k + G(s)
, (5.4)

then according to Corollary 3, their inverse Laplace transforms, namely x j , y j , and
z, belong to BSA2(α0−α j )+1(R+) ⊂ BSA2(α0−αn)+3(R+),
BSA2(α0−α j )+3(R+) ⊂ BSA2(α0−αn)+3(R+), and BSA2α0−1(R+), respectively.
Moreover,

f (t) = f0 x0(t) + f1y0(t) + f0

n∑

j=1

a j x j (t) + f1

l∑

j=1

a j y j (t) +
∫ t

0
z(t − τ)h(τ ) dτ.

(5.5)
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Since z ∈ BSA2α0−1(R+), and h ∈ L1(R+), by Lemma 1, their Laplace convolution
z ∗ h belongs to BSA2α0−1(R+) ⊂ BSA2(α0−αn)+3(R+). Hence, f , defined by (5.5),
is from BSA2(α0−αn)+3(R+). From (5.3) we have

F(s) ∼ f0
s

, Re s → ∞.

Using the Tauberian theorem for the Laplace transform (2.12) we obtain

f (t) ∼ f0, t → 0 + .

Consequently, f (0+) = f0. Next, as Re s → ∞,

(L f ′)(s) = sF(s) − f (0+)

= sα0 f0 + sα0−1 f1 + f0
∑n

j=1 a j sα j + f1
∑m

j=1 a j sα j−1 + sH(s)

sα0 + ∑n
j=1 a j sα j + ∑m

j=1 b j sβ j + k + G(s)
− f0

= sα0−1 f1 + f1
∑m

j=1 a j sα j−1 − f0
∑m

j=1 b j sβ j + sH(s) − f0 k − f0 G(s)

sα0 + ∑n
j=1 a j sα j + ∑m

j=1 b j sβ j + k + G(s)

∼ f1
s

, Re s → ∞ �⇒ f ′(t) ∼ f1, t → 0 + .

Conversely, let f be given by (5.5), where x j , y j , and z are defined as the
Laplace inverse transforms of (5.5). Then f ∈ BSA2(α0−αn)+3(R+) and f (0+) =
f0, f ′(0+) = f1. Applying the Laplace transform to (5.5) and taking into account
(5.4) we arrive at (5.3). Hence, (5.2) holds. The Laplace inverse transform of (5.2)
yields (5.1). ��

6 Conclusions

In thiswork,wederive conditions to ensure the existence anduniqueness of solutions in
BSAp(R+) for integro-differential equations of order 1 < α ≤ 2. Surprisingly, multi-
term Caputo fractional oscillation equations, multi-term Riemann-Liouville fractional
equations, and mixed Caputo Riemann-Liouville fractional equations all have solu-
tions in BSAp(R+) spaces.
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