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Abstract

In this paper we study solvability of multi-term Caputo and Riemann-Liouville frac-
tional oscillation integro-differential equations. We show that these equations have
unique solutions in the space of functions with square average power growth and
derive the solutions in explicit forms.
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1 Introduction

Recently fractional integro-differential equations have arisen in many engineering and
scientific disciplines as the mathematical modeling of systems and processes in the
fields of physics, chemistry, aerodynamics, electro-dynamics of complex medium,
polymer rheology. The fractional integro-differential equations also serve as an excel-
lent tool for the description of hereditary properties of various materials and processes.
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Examples include viscoelastic behavior [13], chaotic neuron model [22], long-time
memory in financial time series via fractional Langevin equations [24], transport of
passive tracers carried by fluid flow in a porous medium in groundwater hydrology
[27], etc. Further examples can be found, for example, in [12, 19].

Consider now the following multi-term Caputo and Riemann-Liouville fractional
integro-differential initial value problems

n ] t
G F O+ Y0 GO FO + k0 + [ 5= f0dr = h), .
Jj=1 .

Q0+ =f, i=01,..m—1,

n ) t
DS‘if(t)JrZangif(t) +Ef () + /0 g(t — 1) f(D)dT = h(1),

(1.2)
m - WFEOH) =f, i=0,1,...,m—1,
O<a,<---<ay<ay, ape(m—1,ml,meN,m=>1,
where k,ay, a2, -+ ,a, € Ry, g,h € Ll(R+) are given, and f is the unknown.
Here D§ '\ is the Riemann-Liouville fractional derivative [10]
dm
Dy, f(1) = % m16"+"‘f(t), 0<a<meN

(1.3)

_ ym—a—1
o= [ R

and Caﬁ is the Caputo fractional derivative [10]

CB“f(t)—/wf(m)(r)dr m—l<a<meN
YT o Tm— ’ (1.4)

Comfay = ™,

and f(0+) = 0litmO f(@).
—

Multi-term frzlctional integro-differential equations (1.1) and (1.2) play an important
role in modeling of motion of a rigid plate immersed in a Newtonian fluid. One of
the important special cases of (1.1), Bagley-Torvik equation with fractional-order
derivative illustrates the motion of real physical systems in a Newtonian fluid [28].
A special case of (1.2), Kelvin-Voigt model is of the most frequent use in structural
dynamics [26]. Some special cases of equations (1.1) and (1.2) and their numerical
solutions on a finite interval (0, 7') have been considered in [4—6]. One can find some
recent works on multi-term fractional integro-differential equations in [2, 3, 7, 11, 16,
17].
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Multi-term fractional oscillation...

In[31], Egs. (1.1) and (1.2) have been studied for the first time on the whole infinite
interval (0, 00). Namely, following [31], by BSA,(R), p > 0, we denote the space
of Lebesgue measurable functions f on R with square average power growth

1 T

term Caputo fractional integro-differential equation (1.1) has a unique solution f
from BSA2y—a,)+1(R4), and the multi-term Riemann-Liouville fractional integro-
differential equation (1.2) has a unique solution f from BSAyq,—1(R4).

In [30, 31] we have considered only fractional equations (1.1) and (1.2) of order
oo < 1, i.e., fractional relaxation processes [21]. In this paper we will study fractional
equations (1.1) and (1.2) of order 1 < o < 2, i.e., fractional oscillation processes [8,
21]in BSA,(R4).

It was shown in [31] that if % < ap < 1, and ||g|l1 < k, then the multi-

2 Fractional Oscillation Processes

It was shown [31] that f € BSA,(Ry) if, and only if, F(s), its Laplace transform,
defined by

o0
F(s) = (L)(s) = / e f(n)dr, (2.1
0
is holomorphic in the right-half plane Re s > 0, and
x \’ [*®
sup < ) / |F(x + iy)l2 dy < oo. 2.2)
x>0 \x+1 -0

Denote by £~! the inverse Laplace transform [32]
1
f@) =(LF)@) = — F(s)e ds. (2.3)
270 JRes=d
It was proved in [31] that

Corollary 1 Let F(s) be holomorphic in the right half plane Res > 0 and |F (s)| <
Cls| ™ a > % Then F is the Laplace transform of a function f € BSAzy—1(Ry),

and that
Lemma1l Let f € BSA,(Ry)and g € L'(R,.). Then their Laplace convolution

t
h(t) = (f = g)() 1=/0 f—1)g(r)de 24
belongs to BSA,(Ry).
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We start by showing that

Lemma2 Letl <a <2andk > 0. Then

am

sin ¢&
% + k| > ——2— |5, (2.5)
1 + sin %

when Res > 0.

o

Proof If Res > 0, then s + k is inside the angle -5 <arg(z) < %, shifted to the
right by k units. The distance from the origin to the shifted angle is k sin %. Then

o .oam sin -
|S -|-k|>kSlI1—Z—.0mr
2 1 + sin &+

Is|“, Res >0,

when [s|* < k(1 + sin &F). If [s|* > k(1 + sin "), then

ls] sin ¢

sY k| > 5| —k > |s|* — =
| = Isl sl 14sin %t 1+ sin &

Is|®

3

that is again (2.5). The lemma is proved. m]
Combining [31, Corollary 3.2], Corollary 1, and Lemma 2, we arrive at

Corollary2 Letk >0, 0 <a <2, B <o — %, then

o 5P
£ <s"‘ +k> € BSAn—p)—1(Ry). 2.6)

Theorem1 Let 1 < a <2, k> 0, and h, h' € L'(R,) with h(0+) = 0. Then the
following Caputo fractional oscillation process

Coprn+kf©) =h), fO) = fo. O+ = fi, @)
has a unique solution f from BSAzq+1(Ry).

Proof The solution to the initial value problem (2.7) is well-known (see [ 18]). Applying
the Laplace transform to (2.7) we get

s fo + 5972 f1 + H(s)

F(s) = K (2.8)
Denote
a—1 Sa—2
Vo) = e U0 = oo a0 = 2.9)
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and uo(t), u1(t), ua(t) - their inverse Laplace transforms. The solution of the initial
value problem (2.7) can be written in the form

F@) = fouo(?) + frui (@) + (uz x h)(1). (2.10)
By Corollary 2 we get
up(t) € BSAI(Ry), ui(1) € BSA3(Ry), wua(t) € BSAx-1(Ry).
Since h, h' € L'(R,) and h(0+) = 0, then
IsH(s)| = |sH (s) — h(0)| = |[(Lh)(5)]

o0
s/ e~ ®ReD (1) dr < W], Res > 0.
0

Consequently,

H(s) (I + sin %)Hh/”l a1
< - |s| .
s% 4+ k sm‘%

By Corolllary 2 we get (1 h)(t) € BSAzy4+1(R4). Since2a+1 > 3 > 20 —1 > 1,
from (2.10) and [31]

BSA,(Ry) C BSA,(R}), 0<p<q, @2.11)

we obtain f () € BSAxy+1(Ry).

We verify now that f(¢), defined by (2.10), satisfies the initial conditions in (2.7).
From (2.8) we have F(s) ~ % as Re s — oo. Therefore, by the Tauberian theorem
for the Laplace transform [32]

Pl

I'(p)

A
f)~ 1> 0+ & F()~—., Res—>o0, p>0 (212
N

we get f(t) > fo as t— 04 .Next,asRes — oo

s fo+ sV fi +sH(s)

(Lf)(s) =sF(s) = f(0) fo

s+ k
s Uit sHE) —kfo  fi
B s 4k s
again by the Tauberian theorem (2.12) we obtain f/(t) — fiast — 0 +. O

Theorem 2 Let % <a <2, k>0,and h € L'(Ry). Then the following Riemann-
Liouville fractional oscillation process

D§ () +kf ) =h@), I °fO04) = fo, D*7'fO+) =fi, (213)
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has a unique solution f from BSAzq—1(Ry).

Proof The solution to the initial value problem (2.13) is well-known (see [18]). Apply-
ing the Laplace transform to (2.13) we get

sfo+ fi+ H(s)

F == < @ 7. 2.14
(*) s* +k ( )
Denote
Us(s) = 2 (2.15)
34 s+ k’ '

and u3(¢) - its inverse Laplace transform. We can write the solution of the initial value
problem (2.7) in the form

F@) = fouz(t) + frua(t) + (uz * h)(1), (2.16)

where u;(t) is defined in (2.9).
By Lemma 1, and Corollary 2 we get

us(t) € BSAy»y 1(Ry), u3(t) € BSAy» 3(Ry), (u2*h)(t) € BSAx 1(Ry).
Thus, from (2.11) we get f () € BSAxy—1(R4).

We verify now that f(¢), defined by (2.16), satisfies the initial conditions in (2.13).
Ash e LI(R+), then H(s) — 0as Res — oo. Consequently, formula (2.14) yields

Jo
F(s) ~ T Res — oo,
and by the Tauberian theorem (2.12)
fola72
)y~ ———, 't 0+.
f@® Ta_1) — 0+
We have
i o (12 o 2)
I7f(t) ~—m——M = = , 1 0+.
0+ f( ) Ta—1) fO —- 0+
Next,
_ 5% fo + s + s H (s)
LDE F)(5) = 5% F(s) — 1379 (0 = Saf = — fo
sV 45 YH(s) —kfo fi

= ~ — Res — oo.
sY+k s
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Multi-term fractional oscillation...

Consequently, again by the Tauberian theorem (2.12)
DL FO ~ fi, t— 0+,

m}

Remark 1 In Theorem 2, if fy = 0, then we can expand the order of fractional deriva-
tive o from % <a <2tol < o <2, and the oscillation process (2.13) has a unique

solution f from BSAzy—1(R4).

3 Multi-term Riemann-Liouville Fractional Oscillation Equations

In this section, we are concerned with the existence and uniqueness of solutions in
BSA,(R) to some classes of integro-differential equations with fractional order
I < o < 2. We start with the following auxiliary lemma

Lemma3 Leta,b > 0and

1 o\ 1 )
fx) = , 8x) = , )= ————— .
ab* + 1 <abi + 1) g (a(bi +bY) + 1)

Then

h(x) < f(x), h(x) < g(x) (3.1
for every x > 1.

Proof We have

1 ) 1 )
h(x) = (1—) = (1—> <g)
a(bs +b*) + 1 (abx + 1) + ab*

1 ! 1 *
- (arie) (st
abx +b*) +1 (ab* + 1) + abx

) < f(x).

and

<
(abx +1

The following theorem plays a key role in the subsequent sections of this work.
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Theorem3 Letk > 0,1 < g < 2, and g € L' (Ry), such that llgll; < v (o, k)
with

jun(@3)|

I+|tan(o ) | l<ap <2
k
y (o, k) = - oz =2 (32
1-4£na¥ k 2 ( k >‘T”
{ k |:<aosin(ot|727)> + aosin(al%) :|+1}
ai,---,a, >0, a® = max{ay, ..., dy}, ag = min{ay, ...,a,}, and 0 < o, < --- <
o1 < Ao, then the inverse Laplace transform
fo=c! 1 (33)
S s X ajs +k+Gls) '

is from BSAzqy—1 (R4).
Proof Since g € L'(R,), its Laplace transform G(s) is holomorphic in the right

half-plane, and therefore, s*0 + Z;Zl ajs% + k + G(s) is holomorphic in the right
half-plane. We claim that the equation

n
s+ ajs® +k+Gs) =0 (3.4)
j=1

has no solution in the domain Re s > 0. Assume the contrary that the Eq. (3.4) has a
solution s = r(cos¢ +ising), |¢| < %, then we would have

r% cos(ap@) + Z?zl ajr® cos(ajp) +k+ReG(s) =0,

35
r% sin(agp) + 27:1 ajr% sin(aj@) +Im G(s) = 0. 3-)

From
k+ReG(s) 2 k—1G(s)| =k~ gl =k —y(ag, k) >0

and (3.5) we arrive at

n
r® cos(aop) + Y a;r* cos(ajp) = —(k +Re G(5)) < y (o, k) —k <0,

j=1
and thus one of the terms cos(a;¢), j = 0,---,n, must be negative. Since 7 >
app = - = ayp = 0for 0 < ¢ < 7, then cos(app) < --- < cos(a,@) for

0<¢< % Consequently, there exists 0 < m < n such that

T
cos (F0) = cos(@o) < -+ = cos(@ngp) <0 < cos(@n419) < -+ = cos(@p),
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Multi-term fractional oscillation...

for0 < ¢ < %, and

m m
, T .
roo 4+ E a;jr®l | cos (E(xo) < r% cos(agp) + E a;jr® cos(ajp)
j=1 j=1

n
< - Z a;jr® cos(ej@) + y (oo, k) —k < y (oo, k) — k.

j=m+1
We arrive at
m
k — Jk
ro0 4+ Zajr"‘f > —)/(noto ). (3.6)
j=1 |COS (7(10)|
For 0 < ¢ < 7 itis clear that sin(et,9) > --- > sin(a19) > sin (al%) >
sin (ao%) > 0, and sin(ajp) > 0, j =m +1,---,n. From (3.5) we have
y (o, k) > |G(s)| = —Im G(s)
m n
= r*sin(age) + Zajr“f sin(aj @) + Z ajr“f sin(a ;)
Jj=1 j=m+1 (3.7)

m
> r*sin(agp) + Zajr"‘.i sin(a ).
j=1

We distinguish the following two cases:
Case g < 2: From (3.5) and (3.7) we have

(k — y (o, k) |sin (a0 %)
[cos (Fao)|

m
i
@0 2N o
v (oo, k) > (0 + E ajr®i)sin (ao—z) >

j=1

As such, we get

)

(@0, k) > (k= y (@0, k) |tan (o0 )
or,

|tan (ao %)

S i v Y
1+ |tan (20%)

y (o, k) >

that contradicts the definition of y («g, k). Thus, (3.4) has no solution in the first quarter.
By the complex conjugate theorem, (3.4) has no solution in the fourth quarter.
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Case op = 2: From (3.5) and (3.7) we have

{ﬂ + Y a4 > k= y(2,k) 35

Y2, k) > sin (a1 5) Y0 ajr.
Now we consider two subcases:
1. r > 1. From (3.8) and r2 > r® > ... > r% we have

r2(1 +na0) >k —y(2,k)
y(2,k) > apsin (051 %) Fon

then, because y (2, k) < k,

y(2, k)kéf1 > (y(2, k))% > (a() sin (oq%))az" r?

(n o k—y@Q2, k)
o=

> (a() s ) m .

As such, we get

y(2,k) >

(aosin (21 Z)) " &
2

(1+ nao)kﬁf1 + (ao sin (o1 %))
k

2

H—’?ao ( k )W_’_l

ag sin(o1 %)
By Lemma 3 we get

k

y(2,k) >

2
P 2

14+n4" k el k an o
{ l:m |:(aosin(a|’2’)) +(aosin(a1%)) :|+1}

that contradicts the definition of y (2, k).
2. 0<r < 1. From@3.8)and r?> < r® < ... < r%, we get

ren(l +na®) > k —y(2,k)
y (2, k) > agsin (1 %) %,
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Multi-term fractional oscillation...

and because y (2, k) < (v (2, k))*/? k'=/2_then

n

(2. k)% > (ao sin (061%)) rén > (ao sin (0[15

> (ao sin( ”))T k— (y(2, k) % k1—on/?

15 (1 4+ na%

As such, we get

(apsin (0 3))? k%

(1 +na®k? 1 + (aosin (a1 %)) 2

2, k% >
that is

(agsin (1 3))* k%

(A +na%k 71+ (ao sin (a1 %)) 2

y(2,k) >

_ an 2z
1+na® k 2 +1
k ag sin(a1 %)

By Lemma 3 we get

y(2,k) >

e o ) 2

2

that contradicts the definition of y (2, k).

2
14+na® k i k an o
{ l?a |:(a0 sin(al%)> + (ao sin(ocl%)) :| + 1}

Thus, (3.4) has no solution in the first quarter. By the complex conjugate theorem,

(3.4) has no solution in the fourth quarter.
Consequently, (3.4) has no solution in the right half plane, and

1
590 + 371 ais® +k+ G(s)

is holomorphic in the domain Re s > 0.
Next, we will show that there exists C > 0 such that

n
s+ Zajs“j +k+G@)| >Cls|*, Res>0,1<aoy<2. (3.9)

J=1
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Indeed, we consider the following function

§90 Z;'.:l a;js® +k+ G(s)
¢(s) = , Res > 0.

|s]%0

Due to |G(s)| < y (o, k), we have

Iim ¢(s)=1, Res > 0.

|s]—00

Therefore, there exist N, C; > 0, such that if |[s| > N, Res > 0, then ¢(s) > Cj.
On the other hand, we have

lim ¢(s) =00, Res > 0.

|s]—0

Consequently, there exist §, Cy > 0, such that if |s| < §, Res > 0, then ¢ (s) > C.
Since ¢ (s) is continuous in the domain {s |Res > 0, s # 0}, it is bounded over the
compact set B = {s : |s| € [§, N], Res > 0}, so we obtain

min¢(s) = C3 > 0.
seB

Denote C = min{C{, C», C3}, then C > 0 and
¢(s) >C >0, Res > 0.

Consequently, (3.9) holds, and by Corollary 1 we obtain f € BSAq,—1(R4), and
Theorem 3 is proved. O

Combining Corollary 1 and Theorem 3 we arrive at

Corollary 3 Let conditions of Theorem 3 hold, and 8 < ag — %, then

ot sf
590 + 31 ais® +k+ G(s)

> S BSAz(ao_ﬂ)_l(R+). (3.10)

As an example consider the Prabhakar (three-parametric Mittag-Leffler) function

(9]

o0
y _ ) j
Ea,ﬂ(Z) = ;—j!l“(aj +,3)Z , Rea >0,Ref >0,y >0,

where (y); =y(y +D---(y +j - D.
The Laplace transform of the Prabhakar function has the following form [9]

ay—p

B—1 Vv o _
LEPTEL 01 N0 = o
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Multi-term fractional oscillation...

which is valid for all Rea > 0,Re 8 > 0,y > 0, 1 € C, such that [As™%| < 1.
Consequently, by Corollary 3, if k, « > 0, and 8 > %, then tﬁ’lE;:’ﬂ(—kt"‘) IS
BSAyg 1 (Ry).
Consider now the multi-term Riemann-Liouville fractional integro-differential
equation

n ) t
D F(1) + Y a DL () +kf (1) + /0 se-ns@d=ho
j=1 .

OLOH) = fo, DY FOH) = fi,

2
IO+
O<oap<--<ar<ay—1<1, oz0>§,

where k,aj,az, - - ,a, € Ry, g, h € Ll(R+) are given, and f is the unknown.
Special cases of (3.11) have been considered in [10].

Now, from Corollary 3, we derive conditions to ensure the existence and uniqueness
of solutions in BSA,(R) for the problem (3.11).

Theorem4 Let fy, f1 € R, g,h € LI(R+), be given, and | gll; < v (xo, k) with
y (g, k) being defined by (3.2). Then the multi-term Riemann-Liouville fractional
integro-differential equation (3.11) has a unique solution f from BSAjq,—1 (R4).

Proof Since 127%°

or JO+)=fo,and2—ap < l—ay, 2—ap < l—0j, j=2,--- ,n,
then Iy, ™/ f(04) = 0, = 2,..,n, and I.;* f(0+) = 0, if &y < &g — 1, and

L7 fO0+) = fo. ifar = e — 1.
Consequently, applying the Laplace transform to Eq. (3.11) and taking into account
(10]

m—1

L(D§, f)(s)=s"F(s)— Y _ " IDFH"£(04), m—1<a <m,
k=0

(3.12)

we obtain

H(s) = (s F () = 15 04) = D3 £01)

+20aj (SUFW = [ FOD) + kF©) + G F(s)
j=1

=sYF(s) —sfo— fi+ Zajs“J'F(s) —ay fou +kF(s)+ G(s)F(s)

j=1
(3.13)
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where
_Lifayg—a; =1
n= 0,ifag—o; >1°
Solving for F(s) yields
sfo+ f1 + a1 fon + H(s)

F = .
() 590 4 Z'}Zl ajs® +k+ G(s)
(3.14)
Denote
W(s) !
S) =
s +3"_aisY% +k+ G(s)’
2j=1 " ) (3.15)
Wi(s) =

590 + 371 ais® +k+ G(s)

then according to Corollary 3, their inverse Laplace transforms, namely w(z) and
wi(t), belong to BSA2yy—1(R4) and BSAsy,—3(R1) C BSAzq,—1(R4), and

t
£ = (i +an for) w(n) + fowr(6) + fo w(t — (D) dr.
(3.16)
Since w € BSAzqy—1(R4) and i € L'(R,), by Lemma I, their Laplace convolution
w*h belongs to BS Ay, —1(R4). Hence, f,defined by (3.16),is from BS Ay, —1 (R4).

As G(s), H(s) — 0 as Res — oo, using the Tauberian theorem for the Laplace
transform (2.12) we have

Jo =2
F(S) ~ SO[O*] , Res > o0 — f(t) ~ m, t—0+. (317)
Consequently, Ig;ao f(0+) = fo. Next,
(LD f)(s) = s F(s) — 57 £(0+)
s fo + s (1 + ar for) + %07 H (s) y
= —Jo

§%0 4 Z'}Zl ajs® +k+ G(s)

sV 1 4 ay for) + s*7 H(s) — fo (Z'}zl ajs® +k+ G(S)) i

5% 4 Z;f:l ajs® +k+ G(s) s

as Res — oo. Consequently, again by the Tauberian theorem (2.12)
DY fOy~ fi, 10+,
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Multi-term fractional oscillation...

Conversely, let f be given by (3.16), where w and w are defined as the Laplace inverses
of (3.15). Then f € BSAn—1(Ry), and I;;* f(0H) = fo, D§O~' f(OH) = fi.
Applying the Laplace transform to (3.16) and taking into account (3.15) we arrive at
(3.14). Hence, (3.13) holds. The Laplace inverse of (3.13) yields (3.11). m]

Remark 2 In Theorem 4, if fi = 0, then we can extend the range of ¢ from (%, 2] to
(1, 2], and the Eq. (3.11) has a unique solution f from BSAzy,—1(Ry).

4 Multi-Term Caputo Fractional Oscillation Equation

Consider the Caputo fractional integro-differential equation

n t
Cororn+ Y a8 f0) +kf (@) +/0 ge-vf@dr=h0.
j=1 -

fO+H) = fo, f/O+H) = fi,

O<op<-<ogqi<l<og<---<ar<ay <2,

where aj,k € Ry, j =1,2,---,n,and g,h € L! (R4) are given, and f is the
unknown.

In the following theorem, we derive conditions to ensure the existence and unique-
ness of solutions in BSA (R ) for the initial-value problem (4.1). Our result is based
on Corollary 3.

Theorem5 Let fo, fi € R, g, h € L'(Ry), be given, and ||g|l; < y(xo, k) with
y (g, k) being defined by (3.2). Then the Caputo fractional integro-differential equa-
tion (4.1) has a unique solution f from BSAqy—a,)+3(R).
Proof Applying the Laplace transform to Eq. (4.1) and taking into account [10] that
m—1
c (Ca?f) () =s“F(s) = > s fO04), m—1<a<m 42

k=0
(4.2) we obtain
!
(s®OF(s) — 5% fo — 572 f1) + Zaj(s“-/F(s) — s =542 )
j=1

+ ) ajUF(s) =547 fo) + kF(s) + G(s)F(s) = H(s). 43)
j=Il+1
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Solving for F(s) yields

52071 fy 4+ 5972 f + fo Z;=1 ajs“i~t+ fi le=1 ajs"/'—2 + H(s)

F(s) =
(s) $90 Z?:l ajs® +k+ G(s)
“4.4)
Denote
SO{j—l
o , j=0,1,--,n,
Qi) =y Yic1ais% +k+G(s) ! !
542
Rj(s) = =011, (45)

sty aps® +k+ G 7

and W (s) by (3.15), then according to Corollary 3, their inverse Laplace transforms,
namely g, rj, and w, belong to BSAs(gy—a;)+1(R+)

C BSA2wp—an)+3(R4), BSAz@y—a)+3(R+) C BSA2@—a,)+3(R+), and
BSAyq,—1(Ry), respectively. Moreover,

n l t
£®) = foqo®) + firo®) + fo ) ajq; )+ fi Y _ajri(t) + / w(t — 1)h(r)d.

j=1 j=1 0

(4.6)

Since w € BSAsq,—1(Ry) and /€ L'(R,), by Lemma I, their Laplace convolution
w * h belongs to BSAzq,—1(R4) C BSA2(og—a,)+3(R+4). Hence, f, defined by (4.6),
is from BS A3 (gg—a,)+3 (R4 ). Using the Tauberian theorem for the Laplace transform
(2.12) we have

F(s)N?, Res o0 — f@)~fo, t—>0+.

Consequently, f(0+) = fo.
Next, as Res — oo,

(Lf)(s) =sF(s) — f(0)
59 fo 4+ s~ f 4+ £ Z;ZI ajs®i + fi le=1 ajs"‘f’l +sH(s)
- S0+ L a5+ GGs) fo

SO i+ A Yo ais® T sHs) — fok — fo G(s)
590 + 371 aps® +k+G(s)

~ﬁ, Res > 00 = f(t)~fi, t—>0+.
S

Conversely, let f be given by (4.6), where ¢}, r;, and w are defined as the Laplace
inverse transforms of (4.5) and (3.15). Then f € BSAsy—qa,)+3(R4) and f(0+) =
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fo, f'(0+) = fi1. Applying the Laplace transform to (4.6) and taking into account
(4.5) and (3.15) we arrive at (4.4). Hence, (4.3) holds. The Laplace inverse transform
of (4.3) yields (4.1). O

Remark 3 Although g, h € L'(R,), in general f ¢ L'(R,). In fact, if f € L'(R,),
then |F(s)| < || fll; for Res > 0. Butif fy # 0, then from 4.4 we would have

F(s) ~ Cs* ™% > o0,

as s — 0+ . Consequently, f ¢ L'(R,).

5 Mixed Caputo Riemann-Liouville Fractional Oscillation Equation

Now we consider the following mixed Caputo Riemann- Liouville fractional integro-
differential equation with a dominant Caputo fractional derivative

Coro @)+ > aiCo £y + Y b Dyl £ (1) +kF (1)

j=1 j=1
' (.1
+/ gt — 1) f(v)dt = h(1),
0
fO+H) = fo, fO+H)=f.

O<op<- <o <l<og<---<op <ay <2,

O<fBn<--<p1 <1,

where g, h € LI(R+), aiy,---,an, b1,---, by, k € R4, are given, and f is the
unknown.

In the literature, there are many papers investigating existence and uniqueness
results for fractional differential equations which contain mixed Riemann-Liouville
and Caputo fractional derivatives, see [14, 15, 25]. But we do not find any work dealing
with the fractional differential equation in the form (5.1). Motivated by this fact, and
to fill this gap, in this work we investigate the existence and uniqueness of solutions
in BSA,(R ) for the problem (5.1).

The following theorem state the existence and uniqueness result concerning solu-
tions in BSA ,(R) of the problem (5.1).

Theorem 6 Let fy, fi € R, g, h € L'(Ry), be given, and llglly < y(xo, k) with
y (g, k) being defined by (3.2). Then the mixed Caputo Riemann-Liouville fractional
integro-differential equation (5.1) has a unique solution f from
BSA2wy—a)+3(R4).
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Proof Since f(0+) = fp then I,,"' f(04) = 0,j = 1,---,m. Applying the
Laplace transform to Eq. (5.1) and taking into account (4.2) and (3.12) we obtain

H(s) = (s F(s) — s*7  £(04) — 5272 f/(04))

I
+Y aj(sF(s) — s F04) — s f1(04)
j=1

+ ) @M F(s) = s FO) + Y b (sﬂ.fF(s) — 1 f(0+))

j=I+1 Jj=1
+kF(s) + G(s)F(s)

l
= (s“OF(s) = s fo = s ) + D _aj T F(s) — s fo = s f)

j=1
+ > ajF(s) — s fo)
j=l+1
+ ) bisPIF(s) + kF(s) + G(s)F(s). (5.2)
j=1

Solving for F(s) yields
fos®T 4 fis9072 4 fo 3 aps% Tl + i Yo ajs®iT2 4+ H(s)

F(s) =
(s) Sdo+27:1ajs°‘f +ZT:1bjsﬂj +k+G(s)
(5.3)
Denote
sotjfl
X' S) = 3 = 01 19 , 1,
i) Sa0+2?=1 ajs%i —}-ij:l bjsﬁj +k+ G(s) /
Sotjfz
Y' S) = 3 = 01 19 9lv
i (5) Sa0+2’;‘=1 ajs%i —}-ij:l bjsﬁj +k+G(s) /
1
Z(s) = 5.4

s+ 35y ajst + 37 bjsPi+ k+ G(s)

then according to Corollary 3, their inverse Laplace transforms, namely x;, y;, and
zZ, belong to BSAZ(O[O,O,J.)JF] (Ry) C BSAxwg—a,)+3R4),

BSAz(ao_aj)J’_?, (Ry) C BSAgy—a)+3(R4), and BSAry,—1(Ry), respectively.
Moreover,

n / t
f@ =foxo(t)+f1y0(t)+fozajxj(t)+flzajyj(t)-i-/ 2(t — Dh(r) dr.

j=1 j=1 0
5.5

@ Springer



Multi-term fractional oscillation...

Since z € BSA2qy—1(R4), and h € L'(Ry), by Lemma 1, their Laplace convolution
Z % h belongs to BSAzq,—1(Ry) C BSAs(qy—a,)+3(R4). Hence, f, defined by (5.5),
is from BSAj(qy—a,)+3(Ry). From (5.3) we have

F(s) ~ E, Res — oo.
s

Using the Tauberian theorem for the Laplace transform (2.12) we obtain

f@ ~ fo, t—0+.

Consequently, f(0+) = fo. Next, as Res — oo,

(Lf(s)=sF(s) = f(0+)
% fo+ 507 fi+ fo Xy aps + fi YT aps T +sH(s)
S0 + 30 aps® + Y bisPi 4k + G (s)
s+ AT ags T = fo YN bisPi + sH(s) — fok — fo G(s)
SO0+ ais® + YT bisPi +k+ G(s)

0

Nﬂ, Res > 00 = f(t)~fi, t—>0+.
S

Conversely, let f be given by (5.5), where x;, y;, and z are defined as the
Laplace inverse transforms of (5.5). Then f € BSAy—a,)+3(R4) and f(0+) =
fo, f'(0+) = f1. Applying the Laplace transform to (5.5) and taking into account
(5.4) we arrive at (5.3). Hence, (5.2) holds. The Laplace inverse transform of (5.2)
yields (5.1). O

6 Conclusions

In this work, we derive conditions to ensure the existence and uniqueness of solutions in
BSA,(Ry) for integro-differential equations of order 1 < o < 2. Surprisingly, multi-
term Caputo fractional oscillation equations, multi-term Riemann-Liouville fractional
equations, and mixed Caputo Riemann-Liouville fractional equations all have solu-
tions in BSA,(R) spaces.
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